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Textversionpublisher
Kyoto University
K\"ocher-Maass Dirichlet series corresponding
to Jacobi forms
. Siegel Jacobi Dirichlet
index 1 Jacobi
Kohnen plus space
$-$ Eisenstein Siegel Kohnen plus space
Kiher-Maass Dirichlet
1 Siegel
$\Gamma_{n}=s_{P}n(\mathrm{z})$ $n$ Siegel modular $n$ Siegel
$M_{k}(\Gamma_{n})$ $k$ $\Gamma_{n}$ $n$ Siegel $S_{n}^{*}(\mathrm{Z})$
$n$ $f\in M_{k}(\Gamma_{n})$ Fourier
$f(Z)= \sum_{\tau\in S^{*}(n\mathrm{Z}),T\geq 0}a(\tau)e(\mathrm{t}\mathrm{r}(Tz))$
$(Z\in \mathcal{H}_{n})$
$f$ K\"ocher-Maas Dirichlet
$D_{n}(f, s):= \sum_{)T\in s_{n}*(\mathrm{Z}+/\sim}\frac{a(T)}{\epsilon(T)(\det\tau)^{s}}$
( $[\mathrm{K}\mathrm{o}],$ [Ma]) Be$(s)>k+(n+1)/2$
$s$ Notation $S_{n}^{*}(\mathrm{Z})^{+}$
$S_{n}^{*}(\mathrm{Z})$ $T,$ $T’\in S_{n}^{*}(\mathrm{Z})^{+}$ $GL_{n}(Z)-$
$U\in GL_{n}(\mathrm{Z}-)$ $T’={}^{t}UTU$ $\epsilon(T)$ $T$
:
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$\epsilon(T)=\#\{U\in GL_{\mathfrak{n}}(\mathrm{Z})|{}^{t}UTU=T\}$





Theorem 1 (Maass) $D_{n}(f,s)$ $s$
$\xi_{n}(f, k-S)=(-1)^{nk/2}\xi_{n}(f,s)$ .
[Arl, 2] $D_{n}(f, s)$ explicit $\xi_{n}(f,s)$
[Arl] ? full modular Klingen Eisenstein
[Ar2] Siegel
- [I-S] $GL_{n}$ $n$
* ( – )
$T \in S^{*}(\sum_{n}\mathrm{z})+/\sim\frac{1}{\epsilon(T)(\det T)^{s}}$
Riemann zeta explicit 2





2 $\mathrm{K}\ddot{\mathrm{o}}\mathrm{c}\mathrm{h}\mathrm{e}\Gamma$-Maass Dirichlet series attahed to Jacobi
forms
Jacobi $k$ $l$ $l$
$S$ $D_{n,l}$ $M_{\mathrm{t},n}(\mathrm{C})$ :
$D_{n,l}:=\mathcal{H}_{n^{\mathrm{X}M_{\iota_{n}},()}}^{\cdot}\mathrm{C}$
$\Gamma_{n}$ $D_{n,l}$ : $M=,$ $(\tau, z)\in Dn,\iota$
$M(\tau, z)=(M\langle \mathcal{T}\rangle, Z(C\tau+d)^{-1})$, $M\langle\tau\rangle=(a\tau+b)(C\mathcal{T}+d)^{-1}$
Jacobi $Sym_{n+\mathrm{t}}^{*}(\mathrm{Z})$
(2.1) $Sym_{n+l}^{*}(s;\mathrm{Z}):=\{T=|N\in Sym_{n}^{*}(\mathrm{Z}),$ $r\in M_{l,n}(\mathrm{z})\}$ .
$Sym_{n+}^{*}l(S;\mathrm{Z})$ $Sym_{n}^{*}+\mathrm{t}(s;\mathrm{z})^{+}$
$L=M_{l,n}(\mathrm{z})$
$D_{n,l}$ $\phi(\tau, z)$ $k_{\text{ }}$ $n$ $\Gamma_{n}$ Jacobi (i),
(ii), (iii)
(i) $\phi(\tau, z+\lambda\tau+\mu)=e(-\mathrm{t}\mathrm{r}(t\lambda S\lambda+{}^{t}\lambda s_{Z}))\emptyset(\mathcal{T}, z)$ , $\lambda,\mu\in L$






) $n\geq 2$ (iii) Fourier
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$J_{k,S}(\Gamma_{n})$ $k_{\text{ }}$ $n$ $\Gamma_{n}$ Jacobi
Jacobi K\"ocher-Maass Dirichlet
$B_{n,l}(\mathrm{Z})$ $GL_{n+\iota(\mathrm{z}}$) :
$B_{n,l}(\mathrm{z})=\{|U\in GL_{n}(\mathrm{Z}),$ $y\in L\}$
$B_{n,l}(\mathrm{z})$ 2 $Sym_{n}^{*}+\mathrm{t}(s;\mathrm{z})^{+}$
$\tau\in sym_{n}*+l(s;\mathrm{z})^{+},$ $\gamma\in B_{n,\mathrm{t}}(\mathrm{z})$ $\tau-T[\gamma]:=^{\iota}\gamma T\gamma$
(class) (genus) $([\mathrm{A}_{\Gamma}1,2,3])$





$\phi\in J_{k,S}(\Gamma_{n})$ Fourier $(\star)$
$D_{n}( \phi,S)=T\in Sum_{\mathfrak{n}}(*s+l\sum_{\mathrm{z}_{)};+/\sim_{\mathrm{z}}}\frac{c(T)}{\epsilon(T)\det(\overline{T})^{\mathit{8}}}$
$\epsilon(T)=\#\{\gamma\in B_{n,l}(\mathrm{Z})|T[\gamma]=T\}$ $\overline{T}=N-\frac{1}{4}{}^{t}rs^{-1}r|$ $T$
$Sym_{n}^{*}+l(s;\mathrm{z})^{+}$ $c(T[\gamma])=$


















$h( \tau)=\in L/(2s)\sum_{\prime L}hr(_{\mathcal{T})}$
$h(\tau)$ $\Gamma_{\mathfrak{n}}$ $k-l/2$ $h(\tau)$
(\tau ) ($r=0\in L/(2S)L$ ) :
$h(-\tau^{-1})=\mathrm{c}\det$ $( \frac{\tau}{i})^{k-l/}h_{0}2(\tau)$ , $c=(-1)^{nk/}2\det(2s)n/2$
$h^{*}( \tau)=f\in L/\sum_{s(2)L}h_{f}^{*}(\tau)$
$n$ $dv_{n}(\mathrm{Y})$
$dv_{n}( \mathrm{Y})=\det(\mathrm{Y})-(n+1)/2\prod_{1\leq i\leq j\leq n}dy_{ij}$
$(\mathrm{Y}=(yij)\in \mathrm{p}_{n})$
$P_{n}$ GLn(R)-




$\overline{D}_{n}(\phi,s)=N\in S^{*}\mathfrak{n}\sum_{\mathrm{t}\mathrm{z})+/\sim}\frac{c(\begin{array}{ll}N 00 S\end{array})}{\epsilon(N)(\det N)s}$
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$\xi_{n}(\phi_{S})=\gamma_{n}\wedge,(s)\overline{D}_{n}(\phi,S)$
Theorem 2 $D_{n}(\phi, S)$ $s$
$\xi_{n}(\phi,k-\iota/2-s)=\not\in_{n}(\phi,s)\wedge$ , $c=(-1)^{nk/2}\det(2s)^{n}/2$
Maass Lecture Note [Ma]
Fourier
- $S$ (– ) :
$(\#)$ $x\in(2S)^{-1}Ml,1(\mathrm{z})$ $t_{XSx}\in \mathrm{Z}$ $x\in M_{l,1}(\mathrm{Z})$
( [Ar4], 41, 42 )
Jacobi Siegel $\Phi$ operator $\phi\in J_{k,S}(\Gamma_{n}),$ $(\tau, z)\in D_{n-1j}$
$S( \phi)(_{\mathcal{T}},z):=\lim_{arrow t+\infty}\emptyset(,$ $(z,0))$
$S(\phi)\in J_{k},s(\Gamma_{n-}1)$
Theorem 3 $S$ $(\#)$ $k$ $k>2n+l+1$
$\phi\in J_{k,S}(\Gamma_{n})$






$\pi^{1/2-\mathrm{r}(}/4\mathrm{I}’+1)\mathrm{r}_{j2}=\zeta(j)\mathrm{r}(j/2)$ $\cdots r\geq 2$
1 $\ldots r=1$
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(22) $J_{k,S}( \Gamma n)=\bigoplus_{=\tau 0}^{\mathfrak{n}}.J_{k}(r,)\Gamma_{n})s($,
$J_{k,s()}^{(_{T})}\Gamma n$ $r$ cusp forms $J_{k,s^{\mathrm{P}}}^{\mathrm{c}u\mathit{8}}(\Gamma_{\tau})$ $J_{k,S}(\Gamma_{n})$
$J_{k,s^{\mathrm{P}}}^{\mathrm{c}us}(\Gamma,)$
$J_{k,S()}^{(r)}\Gamma_{n}$ Klingen Eisenstein
$([\mathrm{A}\mathrm{r}4], 4.2)$ . [Ar6]
3
$l=1$ $S=1$ $S=1$ $(\#)$ $L=M_{1,n}(\mathrm{z})=\mathrm{Z}^{n}$
$\mathrm{Z}^{n}$ $n$





$\mathrm{r}_{0}^{1^{\mathfrak{n}})}(4)=\{M=\in\Gamma_{n}|c\equiv 0$ mod $4\}$ .
Kohnen plus space
$M_{k-1/2}^{+}(\Gamma \mathrm{t}0(n)4))$ (i), ( ) $\mathcal{H}_{n}$ G
(i) $f(M \langle\tau\rangle)=\det(C\mathcal{T}+d)^{k}\frac{\theta(\tau)}{\theta(M(\mathcal{T}\rangle)}f(\tau)$ for any $M=\in\Gamma_{0^{\hslash)}}^{1}(4)$ .
(ii) $f$ Fourier
$f( \tau)=\sum_{)N\in S_{\mathfrak{n}}^{*}\mathrm{t}^{\mathrm{z}},N\geq 0}a(N)e(\mathrm{t}\mathrm{r}(N\mathcal{T}))$
Fourier $N$ $\lambda\in L$ $N\equiv-\lambda^{t}\lambda$ mod $4S_{\mathfrak{n}}^{*}(\mathrm{z})$
$a(N)=0$
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$S_{k-1/0}^{+\mathrm{t}}2(\Gamma n)(4))$ cusp forms $M_{k1/2}^{+}-(\Gamma_{0}^{(}n)(4))$ Konen plus
space index 1 Jacobi
$n=1$ Kohnen, Eichler-Zagier $($see $[\mathrm{E}- \mathrm{Z}])_{\text{ }}n>1$ Ibukiyama [Ib]
Theorem 4 (Kohnen, Eichter-Zagier, TOukiyama) $k$ Kohnen
$pl_{\mathit{1}\mathit{1}g}$ space $M_{k1/2}^{+}(-\Gamma_{0}^{()}n(4))$ Jacobi $J_{k,1}(\mathrm{F}_{\mathrm{n}}^{\mathrm{F}})$ $\sigma:\phi(\tau, z)-$
$f( \tau):=h(4\tau)=\sum_{\tau\in L/2L}$
(4\tau ) o (\tau ) $\phi$ eta
:
$\phi(\tau, z)=\mathrm{r}\in L\sum_{/2L}\text{ }(\tau)\theta_{7}(\tau,z)$
.
(2.2) $J_{k,1}(\Gamma_{\mathrm{n}})$ Klingen Eisenstein $\text{ _{ }}\dot{\ovalbox{\tt\small REJECT}}\text{ }$ $M_{k1/2}^{+}-(\Gamma_{0}^{(}n)(4))$
$M_{k^{+}-1//2}2( \Gamma^{\mathrm{t}}0(n)4))=\bigoplus_{f=0}Mk^{+}-(\mathrm{r})1$ ’
$M_{k-1}^{+\mathrm{t}^{f)}}/2$ $r$ cusp forms $S_{k-1/0}^{+}2(\Gamma^{(}\tau)(4))$
$C_{k-1}^{(n)}(/2\mathcal{T})$ $\sigma$ $J_{k,1}(\mathrm{r}_{\mathfrak{n}})$ unique Eisenstein $E_{k,1}^{(n}$) $(\mathcal{T}, z)$





$k$ 4 $S_{2k-1}^{+}$ 2 $N\in S_{2k-1}^{*}(\mathrm{Z})$ :






$B_{2k-1,1}(\mathrm{Z})$- $\theta_{-1}$ $GL_{2k1}-(\mathrm{Z})$- $US_{2k}^{+}$
$B_{2k-1,1}(\mathrm{Z})$- $S_{2k-1}^{+}$ $GL_{\mathit{2}k-l}$ (Z)-
$T=\mapsto 4\overline{T}$, $( \overline{T}=N-\frac{1}{4}{}^{t}rr)$
bijective [Ar5] US ( $S_{2k-1}^{+}$ ) single genus
$S_{1},$ $S_{2},$
$\ldots,$
$S_{h}$ $S_{2k-1}^{+}$ $GL_{2k1}-(\mathrm{Z})$- $M_{\mathit{2}k-1}$
$M_{\mathit{2}k-1}= \sum_{=j1}h\frac{1}{\epsilon(S_{j})}$




Theorem 5 $k>2n+2$ $k$ 4
(i) Cbhen Eienstein $C_{k-1}^{(n)}(/\mathit{2}\mathcal{T})$ Siegel :
$C_{k-} \langle n)1/2(_{\mathcal{T})\frac{1}{M_{2k-1}}}=(_{j}\sum_{=1}^{h}\frac{\theta_{S_{\mathrm{j}}}(\mathcal{T})}{\epsilon(S_{j})})$ .
(ii) $o_{k-1/\mathit{2}}^{\langle n)}(\mathcal{T})$ Fbutier :
$C_{k1/\mathit{2}}^{(n)}-( \tau)=\sum_{N\geq 0}\overline{\alpha}(S,N)e(\mathrm{t}\mathrm{r}(N\tau))$
$S$ $S_{2k-1}^{+}$ $\overline{\alpha}(S,N)$ $N$
$\overline{\alpha}(S,N)=\prod$ (S,N).
$p\leq\infty$
$p>2$ ($p=\infty$ ) $\overline{\alpha}_{\mathrm{P}}(S,N)$ locd density $\alpha_{P}(S,N)$
$p=2$ $\overline{\alpha}_{\mathit{2}}(S, N)$ [Ar3, 4] local &nsity $\alpha_{2}(Q;\tau)$
Q\in US $4\overline{Q}=S_{\text{ }}T\in Sym_{n+1}(1;\mathrm{Z})^{+}$ $4\overline{T}=N$
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Jacobi Eisenstein E $(\tau,z)$ Siegel
$M_{k1/2}^{+}-(\mathrm{r}_{0}^{\mathfrak{n}}(4))$ $f(\tau)$ Kiher-Maass Dirichlet
$f(\tau)$ Fourier
$f( \tau)=\sum_{)T\in S^{*}(\mathrm{Z},T\geq \mathrm{B}0}a(\tau)e(\mathrm{t}\mathrm{r}(T_{\mathcal{T}}))$
$(\tau\in \mathcal{H}_{n})$ ,
Siegel
$D_{n}(f,s):= \sum T\in S_{n}^{*}(\mathrm{z})+/\sim\frac{a(T)}{\epsilon(T)(\det T)^{s}}$
Dhichlet ${\rm Re}(s)>k+n/2$ $f$






$\xi_{n}(f_{S},)=\gamma_{n}(S)Dn(f,S)$ Theooem 3 $e\varphi\iota icitf_{\mathit{0}}7mux_{a}$
) $f\in M_{k-1/}2(\Gamma_{0}^{(}n)(N))$ ( $N$ 4
) (statement ) explicit
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